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DEFLECTIONS OTRCLOFENGNEERIG
Deflection Diagrams and the Elastic Curve: The Double Integration Method

Solution 2 P
Moment Functions. l

P 3P e, g
M :—Ex +7<x —2a> l’\lf\ :17)(‘

Slope and Elastic Curve. N 2

dvy P 3P

P

Eld—v:—£x2+£<x —2a>2 +C,
dx 4 4

El

Bl =—2 55 +£<x —2a>3 +Cx +C,
12 12

v=0 at x=0,

P
0=—5(0)3+0+C1(0)+C2 = C,=0
v=0 at x=2a

P 3P 3
0=——Qa) +—2a-2ay +C.Q2a
12( ) 12< > 1(2a)

3
0=-3 0 0a)y = ¢, =Lps
12 3
Elv = —ﬂx 3 +£<x —2a>3 +lPa2x
12 12 3

The displacement at C is determined by setting x =3a We get

P % 3P 3 1 2
Elv., =——@Bay +—{3a-2a) +—Pa (3a
¢ 12( ) 12( ) 3 (3a)

~ 27Pa’  3Pa’

Elv,. = ST +Pa’
3 3
Ebv,. P
2 12 12
3
Ebv,. =—121];“
Pa’
e T
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DEFLECTIONS OTRCLOFENGNEERIG
Deflection Diagrams and the Elastic Curve: The Double Integration Method

EXAMPLE 5.3.4

Y
Determine the maximum deflection é in a simply P
supported beam of length L carrying a concentrated load \ L/2 L/2
P at midspan. e B———
Solution T— X — |
R, = P2 R, = Pf2
< L »>
E]v”:lPx —P{x —lL
2 2
Ev=tpe Lpl 1, 2+Cl
4 2 2
v =LpeLple LY ox e,
12 6 2

At x = 0,v = 0, therefore, C,= 0
At x =L, v =0
1

1 1\’
0=—PL’——P(L--L L
2" 7% < > >+C1

1 1
o=Lpp_Lppior
B 3l e
__ 1y
C=-PL

Thus,

gy <Lpei Lplo LN L
2 6 2] " 16

Maximum deflection will occur at x = V2 L (midspan)

3 3
1 o(1,Y 1,1, 1 1 a1
EIv,y =—P|~L | —=P| 2L 2L | ——P[2[ 21
V"le(zjé(z 2}16 {2}
RN T
IV, =—PL}~0—=PL
Ve =56 32
PL?

Vo T Ans.
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EXAMPLE 5.3.5

DEFLECTIONS i
Deflection Diagrams and the Elastic Curve: The Double Integration Method

Determine the maximum deflection v in a simply
supported beam of length L carrying a uniformly

Wy

|
distributed load of intensity w, applied over its entire ¢ ] ¢
length. 1

rHJr Ju

.'ba"
Solution
L 1 "

Ebv'"=—w Lx —w x|=x

2 2
Elv'" = %w JLx —%w ,X 7
Elv ':lw JLx? ~Ly X +C,

4 6

1 1
Elv =—2W0Lx3 —£w0x4+C1x +C,

At x = 0,v = 0, therefore C,= 0
At x =L, v=20

O——w - w JH+C L
24

12
C =—Lw bry
1 24 o
Therefore,
] ] ] X
Elv=—w Lx’——w x*——w L’x
12 24 24

Maximum deflection will occur atx = Y2 L (midspan )

1 1,y 1 (1, 1. (1
E[Vmax —EWOL (ELJ —EWO(ELJ ——WOL (ELJ

1 1 1
Elv, =—w L'——w L'——w L*
96 384 48
5
Elv, =——w,,L*
384
W, L
Vow =——2 Ans.
384FL1

From Example 5.3.1 W;=4kN/m and L=10m

_Sw, L 5(4)(10)° 5208333 521

v — = = =
e 384F1 384FL1 ET LI
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Deflection Diagrams and the Elastic Curve: The Double Integration Method
EXAMPLE 5.3.6 b
Determine the maximum deflection v for the cantilever [ X ——
beam loaded as shown in the Figure. — p
s e——— 2
Solution p - F:; l
i ST [— X
& |
.1 L ]

Ev'"=—Pa+Px —P (x —a)
Elv'=-Pax +%Px 2 —%P (x —a)’ +C,
1

Bl ==3 Par? +LPx =2 P (v ~a)’ +Cyx +C,

At x = 0,v' = 0, therefore C,= 0
At x =0, v = 0, therefore C,= 0

Therefore,
Elv =—Lpac i Lpe-Lp e ay

2 6 6
The maximum value of /v isatx = L (free end )

1 2 1 3 1 3

Elv .= —EPaL +€PL _EP (L —a)

_ 1 2, 1y 1 3_q72 23
EIV gy = =5 Pal? + 2 PL> — =P (L 3L%a+3La*—a )
EIV o = —lPazL2 +lPL3 —lPL3 +lPL2a —lPLat2 +1P013

e 6 6 2 2 6
Elv,_ .= —%PLO:2 + %Paﬁ
Elv,_ .= —%Pa2(3L —a)
Pa?

Vma = g7 (3L —a) Ans.
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DEFLECTIONS mmi
Deflection Diagrams and the Elastic Curve: The Double Integration Method

EXAMPLE 5.3.7

Find the equation of the elastic curve for the cantilever

beam shown inthe Figure; it carries a load that varies

from zero at the wall to w, at the free end. Take the origin

at the wall.

Solution

V =lw0L
2

1 2
=—w,L|ZL
5t

M Z%WOLZ

By ratio and proportion

Z Ve
L
w
z =—2%Xx
L
1
F==xz
2
1 (w
F==x|—x
F=Cey
2L
EPv" =M +Vx —FGx]
Ev"=—w L’+—w Lx ——x | —==x"
2L
R = w, L’ w,L Wy s
2 6L
2
Elv' ==Yy g Wl 2 o vuyc
3 4 24L
2
Ely =Yl o Wol s W, x°+Cx +C,
6 12 120L
Atx =0, v' = 0, therefore C,= 0
At x =0, v =0, therefore C,= 0

Therefore, the equation of the elastic curve 1s

2
w, L x2+w0L 3 W, s

Ely =— X’ - X
12 120L

Ans.

THEORY OF STRUCTURE I COURSE BY SHAHO AL-BRZINJ], B.Sc., M.Sc., CIVIL ENGINEERING Page No. 62



University of Anbar, College of Engineering, Civil Engineering Department.
Theory of Structures I, Course 2019-2020
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Deflection Diagrams and the Elastic Curve: The Double Integration Method

EXAMPLE 5.3.8

As shown in the figure, a simply supported beam carries two
symmetrically placed concentrated loads. Compute the
maximum deflection v.

P P
a l i a
Solution | ]
. a —
Rl_ RE

By symmetry
R, =R,=P
Eh'" =Px —P(x —a)—P(x ~-L +a> " » >
Evi=tperLpo o Lpn riayic, p p

2 2 2
Ely =2Ps® =P x ~a) ~2P (v ~L +a)l +Cpx +C, a J L-2a ‘ a

= ]
At x =0, v = 0, therefore C,= 0 ) I. - x—ilf+—a> 1
At X = L, v =0 a —
1 1 3 Ri =P R2 =P
—_py3_21 _

O—6PL 6P<x a) +C L y . }|
0=PL*-P(1*-31%a+3La* -a*)-Pa* + 6C,L
0="PL}-PL*+3PL%-3PLa* + Pa® —Pa’* +6C L
0=3PL2a=3PLa*+6C\L. =0=3PLa(L -a)+6C\l. =C, =2 Pa(l-a)
Therefore,
Elv =2Px*=Lp (e —ay - 1P (s ~1+aY - L Pa(L -a)x

6 6 6 2

Maximum deflection will occur at x = % L (midspan)

By =L [lLf_lp[iL_af_ipa@_a)[AL]

6 (2 6 (2 2 2
3
1 5 1,1 |
Elv,,. —EPL —EP {E(L —2a)} —ZPL a+ZPLa
iy =Ltpp3_Llp [ﬁ ~312(2a)+3L (2a) —(2a)3}—lPL2a Lpra
48 48 4 4
Ebv,.,. = LPL3 —LPL3 +lPL2a —lPLa2 +lPa3 —lPLza +lPLa2
48 48 8 4 6 4 4
Elv, :—lPL%l +lPa3 = Elv, :_ipa(3L2_4a2)
8 6 24
Pa 2 2
Ve =—=——(3L°—4a”)  Ans.
24EI
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DEFLECTIONS OTRCLOFENGNEERIG
Deflection Diagrams and the Elastic Curve: The Double Integration Method
EXAMPLE 5.3.9

Compute the value of EI v at midspan for the beam loadedas 300 N,' m

shown in the figure.

91— L bbdduiaid |
4R, =300(2)(3) ! '
R1=450N e— 2m —e— 2m —>
IM ,,=0 R1 Rz
4R, =300(2)(1) PO S

Ry =130N 300 N/m

El'" =450x —%(SOO)x 2 +%(300)<x —2)?

ER " =450x —150x 2 +150(x -2)° o e ]
Elv'=225x2=50x*+50{x -2)' +C| ¥ TS i

EIv =75x3 =12.5x * +12.5(x ~2)+C x +C, Ryl -

At x =0, v = 0, therefore C,= 0 P 2m A’L_ 2m —>t
Atx =4m, v =0 R =150 N
0=75(4")-12.5(4*)+12.5(4-2)' +4C, >C, =-450 N.m?

Therefore,

Ely =75x% =12.5x * +12.5(x —2)" —450x

At x = 2m (midspan) = EIy,.. . =75(23)—12.5(24)+12.5(2—2)4—450(2)
= Elv =—500 N.m’

midspan
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DEFLECTIONS OTRCLOFENGNEERIG
Deflection Diagrams and the Elastic Curve: The Double Integration Method

EXAMPLE 5.3.10 '
Compute the midspan value of EI § for the beam loaded 500 N/m

as shown in the figure.

WOW W W W W W W W W WY

Solution }
SM ,, =0 1‘?”‘“ am T 2m |
6R,—600 (3)(3.5) =0 e R B ’Rz‘
R, =1050 N 600 Nf/m 600 N/m
Ty, T
—6R2+6OO(3)(2.5):0 | YVVYVVYVYYVVYYY YN -
P | ‘
| 1m 500 N/m 1
" 1 2 1 RE =l e 3 M C e —
Ely "' =1050x ==(600){x ~1)"+=(600)(x —

EW'" =1050x —300(x —1)° +300(x —4)°
El'=525x2-100(x —1)° +100(x —4Y’ +C,
Elv =175x%=25(x ~1)* +25(x —4)* +C x +C,

Atx = 0,v = 0, therefore C,= 0
Atx =6m,v =0

0=175(6*)-25(6-1)' +25(6-4)' +6C, =C1=-37625 N.m?

Therefore,
Elv =175x* —=25(x —1)* +25(x —4)* -3762.5x

At midspan,x = 3m
DY i =175(3°)=25(3-1)" =3762.5(3)
EIV g =—6962.5 N.m’

midspan

midspan
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DEFLECTIONS i
Deflection Diagrams and the Elastic Curve: The Double Integration Method

Hw.14 W
Determine the maximum deflection between the
supports A and B. EI is constant. Use the method of Y Y ¥
integration. | A .
¢ O -
A
L | L !
Hw.15 P

The bar is supported by a roller constraint at B,

which allows vertical displacement but resists C e

axial load and moment. If the bar is subjected to 4 | .4 — B
|

the loading shown, determine the slope at A and _ Q9 =
the deflection at C. EI is constant.

(@)

N |~
N |~

Hw.16

Determine the elastic curve for the simply
supported beam using the x coordinate
0 <x < L/2 Also, determine the slope at A and
the maximum deflection of the beam. EI is
constant.

Hw.17 w
Determine the equations of the elastic curve and | C i ! |
specify the slope and deflection at B and C. EI'is 4 li 5 ol
constant. l |

[~ a "I a 7
Hw.18 w
Determine the equations of the elastic curve, and | A A A A e,
specify the slope and deflection at point B and C. 4 I J
EI is constant. B

a
L |
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